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ABSTRACT

Let A be a Hopf algebra with bijective antipode and B C A a right coideal
subalgebra of A. Formally, the inclusion B C A defines a quotient map
G — X where G is a quantum group and X a right homogeneous G-space.
From an algebraic point of view the G-space X only has good properties
if A is left (or right) faithfully flat as a module over B.

In the last few years many interesting examples of quantum G-spaces
for concrete quantum groups G have been constructed by Podles, Noumi,
Dijkhuizen and others (as analogs of classical compact symmetric spaces).
In these examples B consists of infinitesimal invariants of the function
algebra A of the quantum group. As a consequence of a general theorem
we show that in all these cases A as a left or right B-module is faithfully
flat. Moreover, the coalgebra A/AB* is cosemisimple.

0. Introduction

Let A be a Hopf algebra with bijective antipode over the ground field &, and
B C A aright coideal subalgebra, that is a subalgebra with A(B) c B® A. We
can think of the inclusion B C A as defining a quotient map G — X where G
is a quantum group and X is a quantum space with right G-action or a right
G-space.

Since A is not commutative in general, A/AB* (recall that Bt = Ker(¢|p)
is the augmentation ideal of B) is just a coalgebra and a left A-module but not
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a Hopf algebra. Thus X usually is not the quotient of G' by some quantum
subgroup. But if A is B-faithfully flat one still gets B back from the quotient
map A — A/AB% as the A/AB™*-coinvariant elements of A.

From an algebraic point of view [T1, Sch, M1] the inclusion B C A only has
good properties if A is faithfully flat as a left (or right) module over B.

In the last few years many interesting examples of quantum G-spaces for con-
crete quantum groups G have been constructed. Podles [P] found a continuously
parametrized family of SU4(2)-spaces which are analogs of the classical 2-sphere
SU(2)/SO(2). Dijkhuizen and Noumi [DN] defined more generally a family of
U,y(n)-spaces called quantum projective spaces. [D] gives a survey on other quan-
tum G-spaces which are analogs of classical compact symmetric spaces such as
SU{n)/ SO{n) or SU(2n)/ Sp(n). In all these cases, the right coideal subalgebra
B is defined by infinitesimal invariants with respect to a coideal I in U, the
U-part of the quantum group G (the classical counterpart of U is the universal
enveloping algebra of the Lie algebra of the algebraic group). Moreover, B is a *-
subalgebra of the Hopf *-algebra A which is guaranteed by the natural condition
SIHy* 1.

In this paper we show as a consequence of the general theorem 2.2 that in the
above examples, the extension B C A has the crucial property of faithful flatness.

Note that the module structure of the quantized universal enveloping algebra U
over its right coideal subalgebras is much easier to investigate, because U is
pointed (that is all its simple subcoalgebras are one-dimensional) whence the
module structure is faithfully flat whenever the set of group-likes in the right
coideal subalgebra is a group [M2]. In particular this condition holds for the new
examples in [L].

Let U be a Hopf algebra with bijective antipode, K C U a left coideal sub-
algebra and C a tensor category of finite dimensional left U-modules (for example
modules of type 1 for U,(g), where g is a semisimple complex Lie algebra and
q € k not a root of 1). Let A = UZ be the Hopf dual of U with respect to C and

B:={a€ Ala-K*t =0},

the algebra of infinitesimal invariants (here “” denotes the natural (U,U)-
bimodule structure on A C U*, as recalled in the beginning of section 2). Note
that B is a subalgebra since K+ is a coideal of U and A is a right (and left) K-
module algebra via “.”. It is easy to see that B C A is a right coideal subalgebra.
But in general B is not a Hopf subalgebra. In this set-up we now assume that
all modules in C are semisimple over K. Then we call K C-semisimple. We show
in Theorem 2.2 that



Vol. 111, 1999 QUANTUM HOMOGENEOUS SPACES 159

e A is faithfully flat as a left and right B-module, more precisely A as a left
and right B-module is a direct sum of finitely generated and projective
B-modules with one direct summand being B.

e The quotient coalgebra A/AB7 is cosemisimple, and if K is commuta-
tive and k is algebraically closed, then A/AB™ is spanned by group-like
elements.

In particular, in the case of Podle§’ quantum spheres, A/AB™ is spanned by
group-like elements. This answers a question of Brzezinski [B]. Recall that a
coalgebra C is cosemisimple [Sw| if C is the direct sum of its simple sub-
coalgebras. C is spanned by group-like elements if and only if C is cosemisimple
and pointed.

In section 3 we show that K in fact is C-semisimple in many important cases.
Let U be a Hopf x-algebra, and assume that U is pointed (this holds for all
the quantized universal enveloping algebras Uy(g)). If I C U is a coideal with
S(I)* ¢ I and B := {a € A| a-I =0} as in the examples described above, then
IU = K*U where K is the left coideal subalgebra of the right U/IU-coinvariant
elements in U. Hence we may also write B = {a € A| a- K* =0} as in Theorem
2.2. If we assume that all modules V € C have a hermitian inner product (,)
such that (zv,w) = (v,z*w) for all v,w € V and z € U, then by Corollary 3.3,
K = K* is C-semisimple, and our abstract Theorem 2.2 applies.

In sections 4 and 5 we consider in U := U,(sl(2)) and Uy(g), for g a semisimple
complex Lie algebra and ¢ € k£ not a root of unity, an arbitrary skew-primitive
element z with A(z) = ¢®z+ 2 ®1, where g is a group-like element in U. Then
the subalgebra k[z] generated by z is a left coideal subalgebra in U. We take for
C the class of finite dimensional representations of type 1 and define

B:={a€A|a-z=0}

in A := U@, the g-deformed function algebra of the connected, simply connected
algebraic group with Lie algebra g. Somewhat surprisingly we show in Theorem
5.2 that for all z (up to one case) the following conditions are equivalent:

(a) k[z] is C-semisimple, that is z acts on all finite dimensional U-modules as

a diagonalizable operator.

(b) A is left or right faithfully flat over B.

(c) A/AB? is spanned by group-like elements.

Moreover, condition (a) is equivalent to an explicit numerical condition on the
coefficients of .

Thus we see that condition (a) which was studied by Noumi and Mimachi
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[NM] in connection with Podles’ quantum spheres is equivalent to the abstract
algebraic condition of faithful flatness in (b).

Most calculations in section 4 and special versions of some arguments in the
proof of 2.4(1) are already contained in the first author’s diploma thesis [Mii].

ACKNOWLEDGEMENT: We would like to thank P. Hajac, M. Takeuchi, and the
referee for useful remarks.

1. Preliminaries and some general results

In the following we fix a field k£ which is the ground field for all algebras and
vector spaces. For definitions and basic results on Hopf algebras see [Sw, M]. We
use the simplified notation A(z) = 3 z; ® x2 for the coproduct in a coalgebra.
Let V be a vector space. In the following (except for section 3), we write V* for
the dual space Hom(V, k) of V.

To study sub- and quotient objects of Hopf algebras it is crucial to consider
faithfully flat modules and faithfully coflat comodules. Recall that a right mod-
ule M over an algebra B is called flat respectively faithfully flat if and only if
the functor M®pg —: g M —» M from the category g M of left B-modules to the
category M of k-vector spaces preserves respectively preserves and reflects exact
sequences. Dually, a right comodule V' over a coalgebra C is called coflat respec-
tively faithfully coflat if and only if the cotensor product VOg —: M — M
preserves respectively preserves and reflects exact sequences. Here, € M is the
category of left C-comoduless, and if W is a left C-comodule, then the cotensor
product is defined as the kernel of

Ay @d-id@Ay: VW > VRCW,

where Ay and Ay are the comodule structure maps of V and W. Of course,
these notions are defined in the same way for modules or comodules on the other
side.

Let A be a Hopf algebra. If I C A is a vector subspace with quotient map
m: A — A/I (usually I will be a coideal and a left or right ideal), we let

coA/IA = {a cA I Zﬂ-(al) ®agz = 7T(1) ®a}

be the set of left A/I-coinvariant elements. If ] C A is a coideal, then
the quotient map m: A — A/I is a coalgebra map, and A is a right (respec-
tively left) A/I-comodule via 7 with comodule structure (7 ®id)A (respectively
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(id®7)A). Dually for a subalgebra B of A we consider A as a left and a right B-
module by restricting the multiplication in A. A right (respectively left) coideal
subalgebra B of A is a subalgebra B C A with A(B) C B ® A (respectively
A® B).

THEOREM 1.1 ([T1, Theorem 2]): Let A be a Hopf algebra and I C A a coideal
and a left ideal with quotient map m: A — A/I. Define B := ©°A/TA. Assume A
is faithfully coflat as a right A/I-comodule via w. Then B C A is a right coideal
subalgebra, I = ABY, where Bt = Ker(¢|g) is the augmentation ideal of B,
and A is faithfully flat as a right B-module.

Moreover, it is shown in [T1] that M — A ®g M is an equivalence between
pM and the category of left (4/I, A)-Hopf modules.

Later on we will need the categories M4 and BM#A of (A,B)-Hopf
modules for a right coideal subalgebra B of a Hopf algebra A. Objects in M%
(respectively pMA) are right (respectively left) B-modules V' which are right
A-comodules such that the comodule structure map Ay: V — V ® A is right
(respectively left) B-linear, where V ® A is a right (respectively left) B-module
via (v ® a)b := 3 vb; ® aby (respectively b(v ® a) = > b1v ® boa) for all v € V,
a € A, and b € B. Morphisms are right A-colinear and right (respectively left)
B-linear maps. Note that B € M% and B € pM# where the restriction of
A: A - A® A is the comodule structure.

THEOREM 1.2 MW, 2.1]: Let A be a Hopf algebra with bijective antipode
and B C A a right coideal subalgebra. Let A := A/AB* with quotient map
m: A — A. Then A is a quotient coalgebra and a quotient left A-module of A,
and the following are equivalent:

(1) A is faithfully coflat as a left A-comodule via m, and B = ©°4 4.
(2) A is faithfully flat as a B-module.
(3) A is projective as a left B-module, and B is a left B-direct summand in A.
(4) A is flat as a left B-module, and B is a simple object in M4.
(5) The functor M4 — MA M — M/MB* is an equivalence.

Proof: This is [MW, 2.1] when (3) is replaced by

(3') A is a projective generator as a left B-module.
We have to show the equivalence of (3) and (3’). Assume {3’). Then A is
projective and faithfully flat as a left B-module by [MW]. Hence B is a left
B-direct summand in A by [R, 2.11.29]. |

The simplicity condition in (4) means that any non-zero right B-submodule
and right A-subcomodule of B is equal to B.
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The categorical characterization (5) shows the significance of the equivalent
conditions in 1.2. Moreover, by [M1, 1.11] the mapping

B C A is a right coideal I C A is a coideal and left
Blsubalgebra, A is left faith- ) — < I'lideal and A is left faithfully}
fully flat over B coflat over A/T

is a bijection between sub- and quotient objects of A satisfying the corresponding
conditions in 1.2.

Remark 1.3:

(1) If we apply 1.2 to the dual algebras B°? C A°P (A°P is a Hopf algebra
since the antipode of A is bijective), we get the dual theorem where 4 is
now A/BtA, M4% is replaced by g MA and A is considered as a right
B-module.

(2) Let A be a Hopf algebra and B C A a right coideal subalgebra. We note
the following simplicity criterion: If B is a left B-direct summand in A
then B is simple in M4.

Proof: Let f: A — B be a left B-linear map such that f|g =id. Let X C B
be a non-zero subobject in M4. Then X A is a non-zero Hopf module in M%.
Since M*4 = M by the fundamental theorem of Hopf modules [Sw, 4.1.1], A is
simple in M%4 and XA = A. Hence there exist finitely many elements z; € X,
a; € A such that ), z;a; = 1. Then 1 = f(1) = ), z;f(a;) € X, and X = B.
]

For completeness we give the short proof of the following important observation
of Koppinen.

LEMMA 1.4: [Ko| Let A be a Hopf algebra with bijective antipode S and B C A
a right (resp. left) coideal with 1 € B. Then S(AB*) = BT A (resp. S(BTA) =
AB*Y).

Proof: We assume that B is a right coideal (and then apply the result to the
dual coalgebra of A to get the lemma for left coideals). Let {z;| j € J} be a
basis of B*. Then for all z € B, A(z) = 1®z + >.; i ®y; for some y; € A.
Now assume z € B and apply po (S ®id) and po (id ® S), where u denotes
multiplication in A:

0=1le(z) =z + ZS(zj)yj, and 0= S(z)+ szS(yj).

J
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Therefore, B¥ C S(B*)A and S(B*) C B*A. Hence Bt4 = S(B*)A and
S(AB*) = S(BY)A=B*A. W

COROLLARY 1.5: Let A be a Hopf algebra with bijective antipode and I C
A a coideal and left ideal with quotient map m: A — A/I. Assume A/I is

cosemisimple, and let
A=,

j€d
be the direct sum of the simple subcoalgebras C; for j € J, of A/I. Then:
(1) I = AB*, and A is left and right faithfully flat over B and left and right
faithfully coflat over A/I via 7.
(2) Forallje J, let

A={acAl> ma)®a€C;® A},
Aj={acA|> a1 ®n(a) € A C;}.

Then A =D,c; ;A= D,c; S(4;), and for all j, ;A respectively S(4;) isa
right coideal in A and a finitely generated and projective right respectively
left module over B. If 1 € J is the distinguished index with C1 = kn(1),
then B = 1A = S(Al)

Proof: (1) By [Sch, 1.3], A is right faithfully coflat over A/I if and only if

(a) A is right coflat over A/I and

(b) 7 splits as a map of right A/I-comodules.
Since A/I is cosemisimple, any exact sequence of right A/I-comodules splits.
In particular, (a) and (b) hold. Thus we see that A is right and by the same
argument left faithfully coflat over A/I. Since A is right fatthfully coflat over A/1,
we get from 1.1 that ABY = I and A is right faithfully flat over B. Then
B C A is a right coideal subalgebra, B = ©4/ ABY 4 and A is left faithfully cofiat
over A/AB™. Hence the equivalent conditions in 1.2 hold, and A is left faithfully
flat over B, too.

(2) By (1), B is a right coideal subalgebra of A, A is left and right faithfully
flat over B and A = A/AB¥ is cosemisimple. Hence by 1.2,

MA S MA M M/MBY, and M2 ME, Vs VOz4,

are quasi-inverse category equivalences. For any right A-comodule V, the Hopf
module structure on VO ;A is given by multiplication and comultiplication on A.
Since A = P ; Cj is a decomposition of right A-comodules, AD ;A = B, C;0z4
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as right A-comodules and right B-modules. Moreover, for all j the natural iso-
morphism
A ADzA, A ) m(a) ®ay,

maps ;A onto C;0,A. Hence A = €D, ;A is a decomposition in M4, By
construction, ;A = A g — B All the ;A are projective right B-modules since A
is projective as a right B-module by 1.3(1). They are finitely gencrated over B
since ;A = C;0 ;A and C; is finite dimensional. More generally, let V be any
finite dimensional right A-comodule. Then M = VO4A is finitely generated
as a right B-module. To see this writec M as the ascending union of all Hopf
submodules X B where X is a finite dimensional right A-subcomodule of M. Let
F: M4 =5 MA be the category equivalence of 1.2. Then F(M) 2 V is the
ascending union of all F(X B). Since V is finite dimensional, F(M) = F(XB)
for some X, hence M = X B is B-finitely generated.

To get the decomposition of left B-modules we apply the previous result to
A°P. Then B°P C A°P is a right coideal subalgebra and AP is left and right
faithfully flat over B°P. By Koppinen’s lemma 1.4, S(AB*) = Bt A and

o: AJAB* =5 A/Bt A, a~ S(a),

is a coalgebra antiisomorphism. Therefore A/B*A = €p, 0(C;) is a direct sum
of simple subcoalgebras and A°P/A°P(B°P)* = A/Bt A is cosemisimple. Thus
we know from the previous proof that A = @j ]/i where for all 7,

={a€ A Z?r(al)@az €0(C;) ® A}

is a finitely generated projective left B-module and a right coideal, and 1A=B.
Here 7: A — A/B% A is the canonical map. Finally, for all j, ;A = §(A;) since
for alla € A,

a€,A = > Fla)®aeo(C;)®A
= Y m(SHa)®Sa) e C;0 4
= S'a)e4,. 1

2. A class of homogeneous spaces defined by infinitesimal invariants

We first collect some well-known results and notations on duality (c¢f. [M, Chapter
9], [J, I.1.4], [T2, section 1]). Let U be an algebra. The dual coalgebra Ut cur
is spanned by the matrix coefficients of all finite dimensional left U/-modules V.



Vol. 111, 1999 QUANTUM HOMOGENEOQUS SPACES 165

If p: U — End(V) is the representation of U, CV denotes the image of the
dual coalgebra (End(V))* under p*. Thus CV is the k-linear span of all matrix
coefficients c¢;, € U*, f € V*, v € V, where ¢;,(u) := f(uwv) for all w € U.
If (v;), (f:) are dual bases of V, V*, the coalgebra structure of CV is explicitly
given by A(csy) = Y, ¢, ® cpyp for all f € V* v € V. Then U? is the sum
of all the subcoalgebras CV, and CV1®V2 = CV1 4 CV2 for finite dimensional left
U-modules Vi, V,. The natural (U, U)-bimodule structure on U* and on all CV’s
is denoted by z- ¢ and a -z, for all x € U, a € U*, where (¢ - a){u) := a{uz)
and (a-z)(u) := a(zu) for all w € U. Note that the dual algebra U* is a left and
right U-module algebra with respect to these actions, since for all a,b € U* and
xelU,

z - (ab) = Z(ml ca)(zg-b), (ab)-z= Z(a-xl)(b-xg).

In the following we assume that U is a Hopf algebra. A tensor category C of
finite dimensional left U-modules is a class C of finite dimensional left /-modules
such that

k € C (k as the trivial U-module via €),

if XY €C,then XY €Cand X ®Y € C (with diagonal U-action on
XY, ulz®y) =Y wmzrQueyforallu e U,z € X and y € Y), and
X* € C (where (uf)(v) == f(S(u)v) for all w € U, f € X* and v € X,
where S denotes the antipode of U}.

By definition, the dual Hopf algebra with respect to C, US c U° C U*, is

spanned by all matrix coefficients of all V € C. Thus
Ug = Z cv.

vec
A tensor category C is called semisimple if all V € C are isomorphic to direct
sums of simple modules in C. If C is semisimple, then Ug is cosemisimple, hence
the antipode of UQ is bijective. In general, if the antipode of U is bijective and for
all X € C also X* with U-action given by S~ (that is (u- f)(v) := f(S™{u)v))
is in C, then the antipode of U is bijective.

Remark 2.1: Let V be a finite dimensional left U-module with representation
p: U — End(V).
1. V is semisimple as a U-module if and only if CV is a cosemisimple
coalgebra. If V is simple, then CV is a simple coalgebra.
2.VV* 5 CV,v® f > cs, is a map of (U,U)-bimodules. Here, V ® V*
is a (U,U)-bimodule via uw{v ® f) =ww @ f and (v ® flu:=vQ fu, where
(fu)(u') := f(uv') for all u,w’ € U,ve V,and f € V*.
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3. If V is simple and k is algebraically closed, then V@V* - CV, v®@ f — Cfv
is bijective.

4. Assume C is semisimple. Let £ be a complete set of representatives of the
simple modules in C. Then (Peter-Weyl decomposition)

ve=epc.
VeE

Proof: 1. If V is a semisimple U-module, then V is a faithful and semisimple
p(U)-module, hence p(U) is semisimple (since the radical of p(U) annihilates V).
If V' is simple, the finite dimensional semisimple algebra p(U) is simple (this
follows, for instance, from the theorem of Artin-Wedderburn). Conversely, if
p(U) is semisimple, then V is semisimple over p(U) and U. This proves the claim
by duality since CV = p(U)*.

2. is clear.

3. By the density theorem, p is onto.

4.[T2,14). n

Let C be a tensor category. A subalgebra K C U is called C-semisimple if all
V € C are semisimple as left K-modules (by restriction).

THEOREM 2.2: Let U be a Hopf algebra, K C U a left coideal subalgebra and C
a tensor category of finite dimensional left U-modules. Let A := U be the dual
Hopf algebra with respect to C, B:={a € A|a-K* =0} and A := A/AB™*.
Assume that the antipode of A is bijective. Then

(1) B C A is a right coideal subalgebra with B = ©®AA,

(2) If K is C-semisimple, then A is cosemisimple and A is faithfully flat as a
left and right B-module. More precisely, according to 1.5, A = jed ;A
respectively A = B, ; S(A;) is a direct sum of finitely generated and
projective right respectively left B-modules and of right coideals with B =
14 = 5(4).

(3) If K is a Hopf subalgebra of U, then in (2) for all j, ;A is also finitely
generated and projective as a left B-module.

(4) If K is commutative and k is algebraically closed, then A is spanned by
group-like elements if and only if K is C-semisimple.

Proof: (1) Let A be the image of A under the restriction map U° — K° which
is the coalgebra map dual to the inclusion of algebras K C U. Then 7: A — A,
m{(a)(u) := a(u) for alla € A and u € U, is a surjective coalgebra map. Moreover,
the kernel of 7 is a left ideal in A since for all a € Ker(n), c € A and u € K,
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(ca)(u) = Y. c(ur)a(ug) = 0. Here, the last equality holds because K is a left
coideal in U. Thus m: A — A is a surjective map of coalgebras and left A-
modules. We first note that B = <4 A, For if a € A, then a is left A-coinvariant
if and only if 3" a)(z)az(y) = e(z)a(y) for all z € K, y € U. By definition of
the right U-module structure on A (as a submodule of U*), the last equation
is equivalent to a - K* = 0 or a € B. Since 7 is a map of left A-modules,
B=:44isa right coideal subalgebra of A, and therefore B C ©°A4. To see
that B = ©A4, note that ABT ¢ Ker{r) since 7 is left A-linear and for all
be B, > n{b) ®by = w{1) ®b, hence 7{b) = n{1)e(b} = 0. Thus 7 can be
factorized as A — A/ABT = A - A, and “44 c ©44 = B.

(2) We now assume that K is C-semisimple. Then A is cosemisimple. For
by definition, A is the sum of all CV restricted to K, for V € C. Since K is
C-semisimple, any V € C is K-isomorphic to some direct sum X; & --- & X, of
simple K-modules X;. Hence #{C") is cosemisimple as the sum of the simple
subcoalgebras CX: of K°. Thus A C K is a cosemisimple subcoalgebra. Since A
is cosemisimple and 7: A —» Ais a surjective map of coalgebras and left and right
A-modules, we conclude from 1.5 that A = A/AB = A and A is left and right
faithfully flat over B and we have the decompositions of 1.5.

(3) Assume K is a Hopf subalgebra of U. Then U® — K?© is a Hopf algebra
map and A = A/AB* is a quotient Hopf algebra of A. The antipode defines a
bijection in the set of all simple subcoalgebras C; of A. By (2) it suffices to show
that S(C;) = C, for 4,1 € J, implies S(; A) = A;. Indeed, for any a € A,

a€ ;A= Z&1®(LQECJ‘®A
<~ 25(&1)@5(&2) ES(C])@)A

— S 5(a);®5(a), € A8 C)
< S(a) € 4;.

(4) Assume K is commutative. Then K° and A are cocommutative. If K
is C-semisimple, by (2), A = A s cosemisimple hence spanned by group-like
elements because k is algebraically closed. Conversely, assume that A/AB" is
spanned by group-like elements. Since A is a coalgebra quotient of A/AB™T,
also A is spanned by group-like elements and hence cosemisimple. By definition,
A is the sum of all the dual coalgebras py (K ), where py: U — End(V} is
the representation corresponding to V' € C. Hence for all V € C, py(K)* is
cosemisimple or equivalently py (K) is a semisimple algebra or V is a semisimple
module over K. Thus K is C-semisimple. |
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Remark 2.3: 1In the proof of 2.2 we showed that A is left and right faithfully flat
over B if A is left faithfully coflat over A and that this last condition is satisfied
in case K is C-semisimple. More generally let F be the set of all U-annihilators
of all V € C and assume that for all I € F there is J € F with J C I such that
U/J is left faithfully flat over K/K NJ. Then A is left faithfully coflat over A.

In the situation of 2.2(4) we now assume that also C is semisimple. Then the
decompositions in 2.2 can be described more concretely. In this case we will give
an alternative proof not using 2.2. We will explicitly determine dual bases of the
finitely generated and projective B-module summands of A and the set G(A) of
group-like elements of the quotient coalgebra A.

For any character x € Alg(K, k) of K, a left K-module M, and a right K-

module N we will denote the eigenspaces of x by
xM:={méeM|Vz e K: zm = x(z)m}

and
Ny :={n€eN |Vze K:nz =nx(z)}.

COROLLARY 2.4: Let U be a Hopf algebra with bijective antipode over an alge-
braically closed field k, K C U a left coideal subalgebra and C a tensor category
of finite dimensional left U-modules. Define A, B and A as in 2.2. Assume that
K is commutative and C-semisimple and C is semisimple. Let X (K, C) be the set
of all x € Alg(K, k) with ,V # {0} for some simple U-module V € C. Then
(1) A=®,exxc)Ax and A = EBXeX(K’C) S(xA) are direct sums of right
coideals and finitely generated and projective right (left, respectively) B-
modules with B = A, = S(: A).
(2) The natural coalgebra map A — K° given by restriction defines a bijection

G(A) = X(K,C), g Xq

and for any group-like element g € A, the right eigenspace Ay, of x4 is the
space of left g-invariant elements ;A := {a € A| Y. @) ® a2 = g ® a}, and
xywA=Ag={a€Al Y a®a=a®g}

Proof: (1) We first consider the decomposition A = @D, Ax- Let £ be a set
of representatives of the isomorphism classes of the simple modules in C. By
2.1, A = @ C" is a decomposition into finite dimensional right (and left)
U-modules. Since K is commutative and k is algebraically closed, all finite di-
mensional simple K-modules are 1-dimensional and given by characters of K.
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By assumption any V € & is A-semisimple and has a basis (v;) of eigenvectors
v, € V,, for some characters x, of K. Hence zv; = x;(x)v; foralliand allz € K.
Let (f;) be the dual basis of (v,) in V*. Then f; -z = x;(z)f; for all 1 and all
z € K. Thus it follows from 2.1, (2) and (3) that forall V€ £, CY 2V @ V* is
a semisimple right K-module, and we can write

=@ - DB,
X Vel x
By definition, A, = B. For any x, A, is a right B-submodule of A since for all
a€ Ay, be Bandzx€ K,
(ab) = Z(a . .’L‘l)(b . IL‘Q)
=Z(a - x1)be(x2), since 1 € K
=(a-x)b
=abx(z).
It is easy to check that all eigenspaces A, are right coideals in A.

Let x be a character of K. It remains to show that A, is finitely generated and
projective as a right B-module. We can assume that A, # {0} or equivalently
X € X(K,C). Hence there exists a simple module V' € £ with (CV), # {0}. Let
(v:), (fi) be dual bases of cigenvectors of V and V* as before. Thus f;-z = x(z)f,

and zv; = x(x)v; for some j and all z € K. Define v :=v;, f := f; and consider
the matrix coefficient ¢y ,,. Since {(v,), (f;) are dual bases and

Alesw) = Zcf,v‘ Qct,

we get 1 = f(v) = €(cpo) = >, ¢f,0.5(csv), where S is the antipode of A.
Define a; := cj,y,, b := S(cy,,») and ¢;(a) := ba for all @ € A,. By the dual
basis lemma it suffices to prove that a; € A, and ¢;(a) = b,a € B for all ¢ and
a€ Ay Forallue U and z € K,

(a. - z)u = fzuvy) = ([ - x)(uv) = x(2)f(uvi) = x(z)ai(u),

hence a, € A,.
Finally, for all a € A, and v € K,

(bia) -z =) (b z1)(a- 22)
=Z(b,~ -z1)ax(z) since zg € K

~(5,- 3 max(za))a
=(b.a)e(z),
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since {b; - 3 z1x{z2)) = b;e(x). Thus b;-a € B. The last equality holds since for
allu e U,

(b Y @ax(@2))(w) =S(es,0) (Y wrx(wa)u
=cf,,0(S(w) ZS z1)x{z2))
—(5w) Y S(e
=f;(S(u) ZS )z2v) since 73 € K
=fi(S(uv)e(z) = bi(u)e(z).
In the same way we have a decomposition into left eigenspaces A = P, x4
Hence A = @, S(x4) since S is bijective. One easily sees that all the S(, A) are

right coideals. From Koppinen’s lemma for left coideals (apply 1.4 to the dual
coalgebra) we get

K*U =8"Y(UK*) =S Y(K*)U and
B={acAla-SYK*)={0}}.

Hence S(.A) = Bsinceforalla€ A,z € K andu € U:

Then we see that S(, A) is a left B-submodule of A for any ¥ since for all a € , A,
beBandz €K,

z- 571 (bS(a)) =z - (a7} (D)) = Y _(z1 - a)(zz - ST (B))
= (z1-a)e(z2)S7'(b) since STH(B) = A
~(z-2)57 (%)
=¢(2)S™ (bS(a)).
Let x € X(K,C). We have to show that S(, A) is finitely generated and projective

as a left B-module. Using the notations above it suffices to show that b; € S(, A)
and S(a)a; € Bforalliand a € yA. Forallue U and z € K,

(z - criw)(u) = filuzv) = x(2) fi(w) = x(z)cs,,0(u),

hence b; = S(cy, ») € S(yA). Foralla € , A, S(a)a; € B = 5( A) since a; = ¢y 4,
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and for all z € K,
57 (S(a)a;) =z (5_1(0f vi) a)
=) (2157 ero)) @2 0)
—Z (z1-871 Cfvl) (z2)a sincea € A
=) x(@2)z1) - 57 (er))a

=5($)5"1(Cf,vi)a
=e(z)S™H(S(a)a;).

In the proof we used the equality

ZX ,'1,'2 Ty cfvl) —6($)S—l(c‘f’w),
which holds since for all u € U

(Z X(@2)1 - S e (W) = Y e (x(@2)S ™ (21) 87 (w)
=Zf X(z2)S7 901)5_1(“)1%‘)
=Y f(2257H(21)S7 (w)vi) since f € (V*),
=e(2) f(S7! (w)vi) = e(2)S ™ (eg,0,) (w)-

(2) As in the proof of 2.2, let A be the image of A under the restriction map
U® - K® and m: A — A the induced surjective coalgebra map. By 2.2, the kernel
of m is AB*. The group-like elements in A are the characters of K. Hence the
group-like elements G(A) of A are the characters of K which can be extended to
a linear map a: U — k with a € A.

Let x be a character of K with A, # 0. In the notation of the proof of (1), the
matrix coefficient ¢y ,, is an element in A such that for all z € K, ¢y, (z) = x(z).
Therefore x is a group-like element of A.

By definition, the space of left x-invariants is the eigenspace A,, since for
all a € A, Zw(al ®a2 = x®a if and only if for all z € K and v € U,

=Y ai(z = x(z)a(u). Similarly, the space of right x-invariants is
xA- In partlcular for all a € A, m(a) = xe(a), and we see that 7(Ay) = kx.

Hence by (1), A = m(4) = @, x(xc) kX, and X(K,C) is the set of all group-
like elements of A. This finishes the proof of (2) since 4 = A. ]

In the next theorem we consider the special case of 2.2 when K = k{z] for some
(g,1)-primitive element z € U, that is A(z) = g®z+z®1, g group-like in U.
Then K is a commutative left coideal subalgebra of U. If C is a tensor category
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of finite dimensional left U-modules, we call an element z € U C-semisimple
if for all V € C, the linear map V — V, v = zv, is diagonalizable. When z is
(1, g)-primitive, that is A(z) = 19z +2z®g, then k[z] is a right coideal subalgebra
of U.

THEOREM 2.5: Let U be a Hopf algebra with bijective antipode over an
algebraically closed field k, g a group-like element and z a (g, 1)-primitive (resp.
(1, g)-primitive) element of U and C a tensor category of finite dimensional left
U-modules. Define A := U2, B:={a€ A|a-2=0} and A := A/AB* (resp.
A/Bt*A). Assume that the antipode of A is bijective.
(1) The foliowing are equivalent:
(a) z is C-semisimple.
(b) A is spanned by group-like elements.
If these conditions hold, then A is faithfully flat as a right and as a
left B-module .
(2) If C is semisimple and B is a simple object in M4} (resp. pM?A), then
B:={a€cA|In>1a z" =0}

Proof: We assume that z is (g,1)-primitive (in the case of (1,g)-primitive
elements we then apply the result to the dual coalgebra of U). Then K := klx]
is a left coideal subalgebra of I/ and (1} is a special case of 2.2(4} and (2) since
z is C-semisimple if and only if K is C-semisimple.

For (2) it is enough to show that B = A® := {a € A | a-2*? = 0}. Assume
B C A®. Let ¢: A 5 A, ¢(a) := a- z, be right multiplication with z. The
map ¢ is right A-colinear since for all a € A and u, v’ € U,

Y a1 - z)(waz () = Y (zu)ar () = afzun') = (a- ){ur),

hence Afa-z) = Y a; -z ® az. Since A is a right U-module algebra, ¢ is also
right B-linear, because for all a € A and b € B,

(ab)-z = (a-z1)(b-z2) = (a- g)(b-2) + (a-2)b = (a-x)b

since b -z = 0 by the definition of B. Thus ¢ is a morphism in Mg. Hence
also A® — B, a » a-z, is a morphism in Mg. This map is non-zero since
B ¢ A®  hence it is onto because B is a simple object in M4. By assumption, C
is semisimple, hence A is cosemisimple. Therefore the surjective map A®® — B
splits as a map of right A-comodules and there exists a right A-colinear map
v: B — A® such that y(b)-z = b for all b € B. Since A(y(1)) = y(1)®1, (1) is
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a scalar multiple of the identity in B and we get the contradiction 1 = (1) -z =
v(De(z) = 0. |

3. Unitarizable tensor categories

In this short section we want to show that for Hopf *-algebras there is a natural
condition which guarantees that a left coideal subalgebra K is C-semisimple.
Hence in many examples for quantum homogeneous spaces with *-structures
our main result 2.2 can be applied.
A Hopf *-algebra H [KS, 1.2.7] is a Hopf algebra over the field of complex
numbers with an involution *: H — H such that for z,y € H and a complex
number ¢ (with complex conjugate &)

(z+y) =z"+y", (ox)" =az”, (zy)" =y'z*, Alz*) = Zx} ® z3.

Then 1* = 1, e(z*) = e(z) and S(z*)* = S~!(z) for all z € H.
In this section, for all subsets T' of a Hopf *-algebra H let T* := {t* |t € T'}.
A coalgebra is called pointed if each of its simple subcoalgebras is one-
dimensional. A Hopf algebra is pointed if it is generated as an algebra by
group-like and skew-primitive elements {M, 5.5.1]. In particular, the g-deformed
enveloping algebras of semisimple Lie algebras are all pointed.

ProposITION 3.1: Let U be a Hopf x-algebra and I C U a coideal. Define
K :=U«°VU/1V_ Then:
(1) K is a left coideal subalgebra of U, and if U is pointed (or more generally
U is faithfully left coflat over U/IU), then IU = K*U.
(2) If S(I)* c I, then K* = K.

Proof: (1) Since IU is a right ideal and coideal, the set of right U/IU-coin-
variant elements K is a left coideal subalgebra. If U is pointed, then by [M2, 1.3]
U is left (and right) faithfully coflat over U/IU. Hence we know from Theorem
1.1 (applied to A°P<°P) that IU = K*U.

(2) First note that K+ C IU since, for any z € K, Y. 2, ® o = £ ® 1, hence
% =¢(z)1 in U/IU. By Koppinen’s lemma 1.4, S(K+U) = UK*. Then

(K*)* c (UK™)* =S(KtU)*, since UKt = S(K*U)
CS(IU)*, since Kt C IU
=S(I)*U
CIU, since S(I)* C I.
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Clearly K* is again a left coideal subalgebra with (K*)* = (K*)*, and we have
shown that (K*)*U C IU. Therefore

K*C UcoU/(K')*U C yeou/iv — g

Since * is an involution, we get K™ = K. |

As an illustration of 3.1(1), let g,h be group-like elements of U and z € U
with A(z) = g® x + z© h. Then kz is a one-dimensional coideal, k[zh™!] is a
left coideal subalgebra, and zU = k[zh™'|*U.

Remark 3.2:  Let U be a Hopf x-algebra and C a tensor category of finite dimen-
sional left U-modules. For any left U-module V let V be V as an additive group
with the following left U-module structure, denoted by *: For any v € V and
ue U,

u*v:=Su)v.

In particular, V is a complex vector space with a* v := av for complex numbers
a. V is the restriction of V to U via the ring isomorphism

U—-U, um— S(u)".

A tensor category C will be called a tensor *-category if for all V € C also
V €C. Let C be a tensor *-category. Then:
(1) A:=UQ is a Hopf *-algebra with *-structure defined by a”(u) := a(S)*)
forallae Aandue U.
(2) If I C U is a coideal with S(I)* C I, then B:= {a € A| a-I = 0}, the
algebra of infinitesimal invariants defined by [, is a *-subalgebra of A.

Proof: (1) The full Hopf dual U° is a Hopf *-algebra with s-structure as
described above. A is closed under the *-structure since for all V € C, v € V,
linear functionals f on V and u € U,

¢po(u) = f(S(u)v) = ¢, (u),

where c;, is the matrix coefficient of V and the linear functional f on V is
defined by f(w) := f(w) forallw e V=V,
(2) is easy to check [KD, 1.9]. |

Let U be a Hopf *-algebra and C a tensor category of finite dimensional left
U-modules. We call C unitarizable if for all V € C there is a hermitian inner
product {,): V x V — C, conjugate lincar in the first and linear in the second
variable such that for all x € U and v,w € V|, (zv,w) = (v, z*w).
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COROLLARY 3.3: Let U be a pointed Hopf x-algebra, C a unitarizable tensor
category of finite dimensional left U-modules, and I C U a coideal with S(I}* C
I. Define A := U and B := {a € Ala-I=0}. Then:
(1) K := U©°U/Y js a left coideal subalgebra of U, B := {a € A | Yz €
K:a-x = ae(x)} is a right coideal subalgebra of A and K is C-semisimple.
(2) A/ABT is cosemisimple, A is faithfully flat as a left and a right B-module
and a direct sum of finitely generated and projective left B-modules and
right B-modules as in 2.2.

Proof: (1) Since U is pointed, we get from 3.1(1) that JU = K*U. Hence B is
also the set of infinitesimal invariants with respect to K. Moreover, K* = K
by 3.1{2). Let V € C and {(,) the hermitian inner product on V x V. We have to
show that V is semisimple as a module over K. Let W € V be a K-submodule.
Then Wt = {v € V | Yw € W: (v,w) = 0} is a K-submodule because for all
teK,veWt andweW,

(zv,w) = (v, 2"wW) =0

since * € K. Hence V.= W @ W+ is a direct sum of K-modules, and V is
K-semisimple.
(2) follows from (1) and 2.2. 1

Remark 3.4: Corollary 3.3 applies to many recent examples of quantum homo-
geneous spaces.

1. In general, if g is a semisimple Lie algebra and U = U,(g) is the ¢-deformed
universal enveloping algebra with positive real ¢ # 1, then U is a pointed Hopf
x-algebra with standard #-structure, and the tensor category of finite dimensional
left U-modules of type 1 is unitarizable {[CP, 10.1.21], for the non-degeneracy of
the inner product on the simple modules cf. [dCK, Proposition 1.9]).

2. Let A = A(SU4(2)) be the function algebra of the g-deformed special unitary
group SU(2) and assume 0 < ¢ < 1. For any parameter p € [0, oo, Dijkhuizen
and Koornwinder [KD], [KS, 4.5] defined a right coideal subalgebra B = B, C A
by infinitesimal invariants with respect to one skew-primitive element z,. They
show that the algebras B, can be identified with the function algebras of Podles’
quantum spheres Sgc for 0 < ¢ < 0o, [P]. In this situation all the assumptions in
3.3 are satisfied for the extension B C A. In particular, we know from 3.3 and
2.2(4) that A/AB™ is spanned by group-like elements. This answers a question
of Brzezinski [B].
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3. A more general family of examples has been introduced by Dijkhuizen and
Noumi [DN], [KS, 11.6.6]. Let n > 2 and 0 < ¢ < 1. For any non-negative real
numbers ¢, d which do not vanish simultaneously, they define a coideal I = 1{¢4)
in Ug(gl(n)). Then they define the quantum projective space CIP:;_I(C, d) with a
natural transitive action of the quantum unitary group Uy(n). Here (CIP;‘_l(c, d)
is given by a right coideal subalgebra B = B9 in A := A(U,(n)), the func-
tion algebra of U,(n). B is defined by infinitesimal invariants with respect to
I(©4) These homogeneous U,(n)-spaces have first been studied by Vaksman and
Korogodsky [KV] as a ¢-analog of the Hopf fibration $2*~! - CP"~!. Again the
extension B C A satisfies the assumptions in 3.3.

4. [D] contains a survey of similar constructions of quantum homogeneous
spaces which are analogs of compact symmetric spaces.

4. Semisimple skew-primitive elements in U,(sl(2))

Let k be an algebraically closed field and let ¢ be a non-zero element of k, which
is not a root of unity. For all positive integers n let E,; be the unit matrix with n
rows and columns.

First we recall some definitions and results of [K].

For any integer n, set [K, p. 121]

qn _ q-—n

Il = g-q!

:qn—-l +qn—3+.“+q—n+3+q—‘n+l‘

The Hopf algebra U,(sl(2)) is generated as an algebra by E, F, K, K~! with
relations
KK '=K'K=1 KEK™'=¢E,

_yr—-1
KFK™' =q?F, EF-rE=""%_ -
9-q-

and comultiplication defined by

AK)=K®K, AK YWY=K 'K,
A(E)=1®E+EQK, AF)=K'@F+F@®L
All simple U,y(sl(2)) left modules are isomorphic to some V, ,, where e = +1

and n is a nonnegative integer. The (n + 1)-dimensional module V, . has a
basis {vg,v1,...,u,}, such that the left action of the generators E, F, and K of
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U,(s1(2)) can be represented on this basis by the matrices (K, p. 129]

0 [n] o --- 0 0O 0 --- 0 O
0 Ofn-1-- 0 1 0 -« 0 0
Pen(E)=e€ ORI IS Pen(F)= 0 [2} .0 0 ’
0 0 0 0 0 0 [n] 0
" 0 0 0
0 qn—2 0 0
and pe,n(K)—e
0 0 q—n+2 0
0 0 0 g "

Here we need the right action and use the transposed matrices. We first consider
the case ¢ = 1. Let
r=a(K™' - 1)+ BEK™! 4+ 4F

be a (K ~1,1)-primitive element of U,(sl(2)) , where a, 3, and  are fixed elements
of the ground field k, which do not vanish simultaneously. Then the (right) action
of z on the chosen basis of Vj ,, can be represented by the matrix

(" - Do ¥ 0 0

g MnB (¢ - 1a [2]y :

My, = 0 ¢ -1 (¢*"-Da . 0
0 0 1B (¢" - 1)a

The quantum plane kg[a,b] is the k-algebra generated by the elements a
and b with the relation ba = qab [K, Chapter IV]. It is a U,(sl(2)) left module
algebra, where the action of U,(sl(2)) is given in [K, Chapter VIL.3]. Here we
need the corresponding right action given by

b-E=0,a-E=bb-F=a,a-F=0,b-K =gqgb,
a-K=q'a,b-K'=¢"', a- K ! =qa.

The quantum plane has a natural gradation, given by the degrees of the
monomials, therefore there are no zero divisors. Let kj[a,b], denote the vec-
tor subspace of homogeneous polynomials of degree n in kq[a,b]. Then kqa, b},
is a simple U,(sl(2)) right module isomorphic to V; , {K, Theorem VII.3.3].
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LEMMA 4.1:
(1) There is a non-zero element § € kqla, by such that & -z = 0.
(2) For all z,£ € k,la,b], where € -z = 0, the equation (2£) -z = (z - z)£ holds,
that is, the action of x is Bx-right linear, where

Bx = {¢ € kylo,b): € -2 = 0},
(3) The eigenspaces of the action of x on kgla, b],, are one-dimensional.

Proof: (1) The determinant of M, vanishes.
(2) The quantum plane is a module algebra of Uy(sl(2)) :

(26) -z = (2 K7€ o)+ (z-2)(€ 1) = (2 2)&.

(3) Let A € k and let E, 3 be the unit matrix with n + 1 rows and columns.
In the cases § # 0 or v # 0 the first or last n columns respectively of M, — AE,, 11
are linearly independent. In the case § = 7 = 0 there must be » # 0, and in
the diagonal matrix M, — AE,, 11 at most one entry in the diagonal vanishes, for
since ¢ is not a root of unity, all entries in the diagonal are pairwise distinct.
|

For convenience, we fix a solution /g of the equation z? = ¢ and define ¢* :=
\/62[ forl e %Z. For each nonnegative integer n set

Ly={-3,1-%,...,5-1,%}.

N3

PROPOSITION 4.2:
(1) Let

Pn(Y) = det(Mn — YEn+1) — (_1)n+1 (Yn+l + 2, Y™ + dn_lyn—l + - )

be the characteristic polynomial of M,. Then for n > 2 the polynomial
P, _5 divides P,,.
(2) Fix R € k such that
4B~
(@—q)*
Then M, has the n + 1 (not necessarily distinct) eigenvalues

R*=d*+

Y e 2 1 2r _ _—or
/\r-—2(q q )+2(q 9 )R,

forreI,.

Proof: (1) Let p be an f-fold zero of P,,_, i.e. the dimension of the generalized
eigenspace for the eigenvalue p in k4la,bl,—2 is f, and let vy,..., vy be a basis
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of V’f“2. Therefore there exists a positive integer ¢ such that v, - {z — u)t =0
for v = 1,...,f. Let £ be as in Lemma 4.1. Then v§,... v are linearly
independent elements of ky[a, b}, since kq[a, b] is an integral domain. Moreover,
by part (2) of the lemma,

() (e - )= (v (z-p)")€=0,

whence v,£ for v = 1,..., f belongs to the generalized eigenspace for the eigen-
value g in kqla, b],. Therefore p is at least an f-fold zero of P,.

2) For n = 0 and n = 1 one easily computes
(2)
P(Y)=0-Y =-Y and
P(Y) =Y’ -a(va-va )Y - ¢ By~ (vi-vT ).

Now assume n > 2. Due to deg P,(Y) = 2 + deg P,,—2(Y’) and part (a) only the
two extra zeros a, and b, of P, have to be determined. Vieta’s Theorem says

Zp—-2 — Qp — bn = Zn, anbn - (an + bn)zn—2 + dn—-Z = dn =

Op + by = 2n_2 — Zn, A3by =dy —du_o + 2n_2(2n_2 — 23,).
Therefore a,, and b,, must satisfy the quadratic equation in T’
T? — (zn—9— 20)T +dn —dn_2 + 2n_2(2n—3 — 2,) = 0.
Let [ = n/2. We compute the coefficients of this equation:

(a) The coefficient z, is the negative trace of M,. Therefore

Zn—zn_z = —u(q" —1+¢ " —1) = —ug —q)%.

{b) The coefficient d,, is the sum of D, and N,, where D,, is the sum of
all products of two distinct entries of the main diagonal and N, is the sum of
products of entries, which do not belong to the main diagonal. All indices run
over I, if there are no limits of summation.

D,:=a’) (¢ ~1)(g7* 1)

r<s

=5 ala™ -1 - 30 S - 17)
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Npi=—q7287Y ¢ "lln+1-1] =

t=1
n
— q e _ _ .
ﬁ’y/(q _nq_1)2 ZZth n l(qt —q t)(qn+1 t _qt n 1)
t=1
n
( n+1 +q—n 1 Zqﬂ-n——l _ zn:(q4t—2n—2 + 1)
t=1 t=1
_( n+1 + —n—l)qn _q—n _Zn:( 4—2—2n + 1)
- q q q _ q_l q
t=1
2n+1 _ —2'n 1
_q 4t—2-2
T R
Nl—l _ Nl :q2n+1_q2n—3+q3—2n_q—2n 1 B q2n—2_ q2—2n L
g 'Bv/(a—q7)? g—q!
— (1 + qZ)(an—Z + q—2n) _ an—2 n q2—2n -9
=(¢" — ¢ ")

Now the constant coefficient of the quadratic equation can be computed:

di—diy+2-1(zi-1—2) =Ny = Ny + Dy — Dy + 21 (21-1 — 1)

=N - Niii—30* (" - 12+ (¢ - 1)%)
+ 52, - %z,_l + zf_l — 1211

=N - N1 - 5%(g™ ¢ -7 +¢7(d -¢7")?)
+ l(:'Jz—l - 21)2

=N, - N_1 — 3o®(* + ¢ ™)(¢' - ¢7')?
+3a%(¢ —q7")*

SrTErED :ﬂgl)z @ -q ¥ -P(d -qH

Therefore the quadratic equation is

2 — a(ql _ q‘l)2z _ (qq qﬂ_’;’) (q 2l _ —21)2 _ az(ql _ q—t)z —0.

Note that for n = 1 this equation equals P;(Y) = 0. It has the discriminant

-1
a2(ql _ q—z)4 +4 ((qQ_ qﬂ_’r)z (qzz _ q-zz)z + a2(q’ _ q—z)2>

— (- g2 (o2 M)
(" ~q )<a +(q—q—l)2 '



Vol. 111, 1999 QUANTUM HOMOGENEOUS SPACES 181

If R solves the equation
4~ ' By

2
' =a" + ————7,
(g—q1)?

we get the zeros A,/; and A_, /3, where

1
Ar = %(q’" —-qg ")+ §(q2’ - ¢ )R for2relZ

For n = 0 this is the zero 0 of F;. ]

Remark 4.3: In [NM, Theorem 1] another method is sketched to get the zeros
of P,(Y) if z acts diagonally. Starting from a matrix

()

in GL(2;C) (but C can be replaced by k), the following element is considered:

o

q—qt

D = —aBE + (a6 + 7) + 53¢ ' FK
(the authors write ¢’ for K, \/gX4q"/? for E and /gX_q #/2 for F). By
construction of the eigenvectors of the left action of D on the quantum plane, it
is shown that the distinct eigenvalues are
qm _ —m = S
An(g) = =11 (a8g™ - Brg™)
qa—9

where 2m € Z, if @ — ¢**3% # 0 for all t € Z (then D is called diagonalizable).
This left action is represented by a matrix obtained from M,, by swapping the j-th
column with the (n + 1 — j)-th column and the j-th row with the (n + 1 — j)-th
row for 1 < j < (n+1)/2 and therefore has the same characteristical polynomial
as M,,, where o

&d + py

o= —

q9—q

Consequently, in the case &b — qzt;’;:y # 0 for all t € Z there is the factorization

Po(Y) = (Anj2(9) = Y)(Anj2-1(9) = Y) - (A-nja(g) = Y).

Up to the cases D € kE or D € kFK, the products &b and B’"y do not vanish
simultaneously, and if exactly one product vanishes, then D is always diagonal-
izable. Now assume that &3-~§ # 0. In the factorization of P,(Y) both sides
are polynomials in &, B, %, 6. The equation is valid for an infinite number of

B=q'4, v=-ap.




182 E. F. MULLER AND H.-). SCHNEIDER Isr. J. Math.

values for & {when G, 7, & are fixed), therefore it is an identity of polynomi-
als in & A similar reasoning holds for 3, 5, 6. Thus Ans2(g)s -+ Aon/2(g) are
the not necessarily distinct zeros of P,(Y) in any case, even if g is an arbitrary
2 x 2 matrix. Translating this into the notation of the Proposition, one gets the
zeros A, considered in the Proposition. The condition R # 0 is equivalent to
&b — 7 # 0 (this is excluded by the choice of g in [NM], but also in this case D

is skew primitive).

THEOREM 4.4: Fix R € k such that R* = o + 4¢7'8v/(q — ¢*)?. Then the
following statements are equivalent:
(1) For all nonnegative integers n, the matrix M, can be diagonalized.
(2) R # 0, and for all nonnegative integers m, the kernel of the action of x
on Vi om equals the generalized eigenspace for the eigenvalue 0 (i.e. ifv-z* =
0 for somet > 1 and v € Vi 2y, thenv -z =0).
(3) There is no nonnegative integer n satisfying

2
_ qn + —n

Proof: The conclusion (1) = (2) is trivial (R = 0 implies that A, = A_, for
allr € %Z\{O}, and by the Lemma, the action of z on V4 ,, for n > 1 cannot be
diagonalized).

In order to prove (2) = (1), assume there is a polynomial P, with a double
zero. Then by 4.2 there are distinct half integers ! and m such that | + m is an
integer (because [,m € I,) and A\; = Ap,. Hence

Qo0 2 | P RN
5@ —a7) + 5" )R =
_ 9_ m _ _—m\2 }_ 2m _ —2m
= 7@ =)+ 5@ -¢IR
Qoo o om o —amy, Boo ol om | —2my _
= 5@ +q " =)+ 57 g " +g ") =0
- o fa i R e
= (ql m_qm l) <§(ql+m_q l m)+5(ql+m+q l m)) =0

= (@ =" Yym =0.

Since ¢ is not a root of unity, this yields Ay, = 0. The assumption R # 0
implies [ +m # 0, whence 0 is a double zero of Pyj;1 |, and by the Lemma, the
generalized eigenspace of 0 does not equal the eigenspace in Vj 3j11m(. Finally,
condition (3) is equivalent to R # 0 and A, A_,, # 0 for all positive integers n,
i.e. to condition (2). ]
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There is a similar statement about (1, K)-primitive elements of the Hopf
algebra U,(sl(2)).

Remark 4.5: 1. We consider y := zK. Then y is (1, K)-primitive and

MTIL = Pe,n(y) = pe,n(K)Mn
(1-¢g™a ¢ %y 0 0
B (1-¢*Ma ¢ 2y '
= 0 m=18 (1-¢"™a . 0
: g "[n]y
0 e 0 N (1-g¢Me

Let M/ be the matrix obtained from M}, after replacing a by —« and interchang-
ing B and . Comparison with M,, yields that for all 7,5 < n+1, the i, j-entry of
M, is the (n+2—1,n+2— j)-entry of M, , whence the characteristic polynomials
of M, and M/ are identical. If P,(Y) is the characteristic polynomial of M/,
then the characteristic polynomial of M) is P,(—Y) because all eigenvalues re-
main unchanged when (3, v are swapped, and replacing a by —a can be performed
by multiplying the first, third, fifth, ... row and the second, fourth, sixth, ...
column by —1. Thus 4.2{2) explicitly gives the zeros —\, of the characteristic
polynomial of the action of y on Vi ,, and two of them coincide if and only if
this is true for z, too. An analog of 4.1 holds for y, too (the equation in part (2)
becomes (£z) - y = &(z - y)), in particular all eigenspaces are one-dimensional.
Therefore 4.4 can be proved analogously for y.
2. If there exists a nonnegative integer n such that

q By (q";q:{i)z = —a?,
q—4q
then direct computation as in 4.4 gives A, = A,_, for all r. If n is even then
the eigenspace for ), /; equals the generalized eigenspace and the eigenspaces for
other eigenvalues are not the generalized eigenspaces. This explains why the case
R = 0, where the eigenspace for the eigenvalue 0 is the generalized eigenspace
but z is not diagonalizable, is not too special from this point of view. If n is odd
then all eigenspaces are different from the generalized eigenspaces.
3. If and only if there is an element n € %N\ N satisfying

2
_ qTL +q—n
oo (Te) -
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then there is a non-zero element § € kgfa,bl2n such that £ -z = 0. This
means that the algebras generated by 3 generators and 4 relations in analogy
to Podles’ quantum spheres are proper right coideal subalgebras of the algebra
B ={a€ A|z-a=0} from the construction in 2.4, cf. [Mil]. These cases have
been excluded in [KD] by the assumption that 2 should be *-invariant. The pre-
cise correspondence between the parameters o, 3,7 used in this section and the
parameter c (including the case ¢ = o) in Podle§’ original quantum spheres S),.
(for u = q) is as follows:

C:{;ﬁﬂiv ifa#0

(g—q~1
o0 if a =0 (and By #0)

(in the *-invariant case we automatically have o € R and ¢5 = 3, whence

o= ()

is nonnegative). The special cases for negative ¢ in [P] do not occur because then
the finite dimensional quantum spheres cannot be canonically embedded into the
function algebra as *-invariant subalgebras.

If z (or y respectively ) is diagonalizable on all modules V} ,,, then the following
general argument shows that it is diagonalizable on all modules V.. Let kw
be a one-dimensional Uy(sl(2)) module with basis {w}, such that £ -w = 0,
F-w=0,K-w=ew. Then V., =kw®Vi, =Vi,Qkw, where Uy(sl(2)) acts
diagonally on the latter two modules and the second isomorphism is due to the
Hopf algebra automorphism of Uy(sl(2)), which maps E and F to —F and —F
respectively and leaves K unchanged.

PROPOSITION 4.6: Let U be a Hopf algebra, g € U a group-like element, z € U a
(9, 1)-primitive (respectively (1, g)-primitive) element, kw a one-dimensional left
U-module with basis {w} and V a finite dimensional left U-module. If the action
of x on 'V is diagonalizable, then so is the diagonal action on kw®V (respectively
V ®kw).

Proof: Assume z is (g, 1)-primitive. (The proof for (1, g)-primitive elements is
similar.) Since kw is a one-dimensional U-module, there is a map x: U = k such
that v - w = x{u)w for all w € U. Let vy,..., v, be a basis of V consisting of
eigenvectors of the action of z, i.e. z-v; = \ju; for j = 1,..., nand A\; € k. Then
- (w®v;) =(g-w)® (¢ v;) + (z- w) ®v;
=x(g)w ® Xjv; + x(z)w ® v;
=(x(9)A; + x(z))w @ v,
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whence the set {w®wm,..., w®u,} is a basis of kw® V consisting of eigenvectors
of z. |

5. Application to U(g)

As in the last section, we assume that k is an algebraically closed field of
characteristic 0.

Let (a;;) be an n x n matrix with integer coefficients such that a,; = 2 for all 7,
a;; # 0 for all i # j, and there are relatively prime integers dy, ...,d, € {1,2,3}
such that (d,a.;) is a2 symmetric positive definite matrix.

Thus (a;; ) is the Cartan matrix of a finite dimensional semisimple Lie algebra g.

Let ¢ € k~{0} be not a root of 1 and define g; := ¢%. The standard g¢-
deformation U,(g) is the algebra generated by E,',F,,K,v,Kl'l subject to the
following relations:

K.K'=1=K'K;,, K.K;=K,K,,
K.E;K'=qVE;, K.F;K '=q "VF,,
K, - K[!

EF; - FiE =6, ——
qi —q;
for all 4, j, and the g-deformed Serre relations (see {J, 5.1.1{vi)]) between the E;’s
resp. the F}’s which we do not need explicitly. U,(g) is a Hopf algebra where all
the elements K; are group-like and

A(E)=1QE+E®K, AF)=K'9F+F®I1

for all i. For 1 < i < n let U; be the subalgebra of U,(g) generated by
K, K ' E; Fi. Then U, = Uy, (s}{(2)) as Hopf algebras.

Let C be the semisimple tensor category of all finite dimensional left U,(g)-
modules of type 1, that is all eigenvalues of the left multiplication with K, for
all 7 are of the form ¢™, m € Z (see for example (J, 4.3]}). The dual Hopf algebra
Uq,(9)2 is the g-deformed algebra of regular functions on the simply connected,
connected semisimple algebraic group with Lie algebra g. Let x € Uy(g) be a
(9, 1)-primitive element which is not a scalar multiple of g — 1. Then there is
some ¢ such that g = Ki'1 and z € U, is a k-linear combination of Ki"1 -1, E,-K,-'1
and F; [CM, Theorem A]. We call = semisimple if multiplication with z is a
diagonalizable operator on all finite dimensional left U,(g)-modules.

LEMMA 5.1: For any 1 < i < n let V be a finite dimensional left U,-module of
type 1 and z € U; C Uy(g) a (K[ ', 1)-primitive element.
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(1) There exists a finite dimensional left Uy(g)-module W of type 1 and a one-
dimensional left Ug(g)-module ka with E;a = 0, Fja = 0 and Kja = a;a
where a; € {1,~1} for all 1 < j < n such that V is isomorphic to a
U;-submodule of ka @ W and o; = 1.

(2) z is semisimple in U; if and only if z is semisimple in Uy(g).

Proof: (1) By [J, 10.1.14] or using the classification of highest weight modules
of U,(g), V is contained in a finite dimensional left Uy(g)-module V. From the
description of finite dimensional left U, (g)-modules it is known that V = ka@ W,
where W is a left Uy(g)-module of type 1 and Eja = 0, Fja = 0, Kja = o5a,
a; € {1,-1} for all j (see [J, 4.3]). It remains to show that o; = 1. Since V' is
of type 1, there is a non-zero v € V such that K;v = ¢™v for some m € Z. Let
a ® w be the image of v in ka ® W. Then

g (a®@w) =K;(a®w) = K;a® K,w = a;a @ K;w,

hence K;w = ai_lq’”ux Since W is of type 1, we conclude o; = 1.

(2) If z is semisimple in U;, then trivially x is semisimple as an element in Uy (g).
Conversely, assume z is semisimple in U,(g). Let V be any finite dimensional
left U;-module. By [I, 10.1.14] or the classification of highest weight modules
of U,(g), V is contained in a finite dimensional left U,(g)-module V. Hence
multiplication with z is diagonalizable on V and then on V, too. |

THEOREM 5.2: Let 1 <i<mn, o3,y €k, and
=K' = 1) + BK; E; +vF; € Uy(g) {0}

a (K ', 1)-primitive element. Assume o? +4q~'Bv/(q—q~ 1) #0.

Let C be the tensor category of finite dimensional left U,(g)-modules of type 1.
Define A := U,(g)% and B := {a € A | a-z = 0}. Then the following are
equivalent:

(1) z is semisimple.

{2) There is no nonnegative integer n satisfying

(3) A/AB* is spanned by group-like elements.
(3)) A/B* A is spanned by group-like elements.
(4) A is faithfully flat as a left B-module.
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(4) A is faithfully flat as a right B-module.

(5) B is a B-direct summand in A as a left B-module.

(5)" B is a B-direct summand in A as a right B-module.

(6) B is simple in M.

(6) B is simple in g MA.
If these conditions are satisfied, the set of characters X (k[z],C) (cf. Corollary 2.4)
is given by

X(klz),€) = {x € Alg(klal, k) | x(@) = Ay, 7 € 57)

where the A, are the eigenvalues as computed in Theorem 4.2(2}.

Proof: (1) <= (2): By 5.1(2) and section 3.
(1) = (3) and (3) = (4) follow from 2.5.
(4) = (5) follows from 1.2.

(5) = (6)is 1.3(2).

(6) = (1): By 2.5(2), assumption (6) implies B = {a € A| In > 1: a-z™ = 0}.
Let W be any finite dimensional simple left U,(g)-module of type 1. By 2.1,
part (2) and (3), W ® W* = CW as right (and left) U,(g)-modules. Hence
if f-2™ =0 for somen > 1 and f € W* then f -z = 0. Or equivalently,
if ¢: W* —» W™ is right multiplication with z, then Ker(¢) = Ker{¢p™) for all
n> 1. If : W — W is left multiplication with z, then ¥* = ¢, and we get
im(y) = im(x"), or equivalently, Ker(v) = Ker(y™) for all n > 1. Thus for all
simple modules in C, hence for all modules W in C (because C is semisimple), we

have shown
{lweW|z-w=0}={weW|In>1:2" w=0}

We want to show the same statement over U;. Let V be a finite dimensional left
U;-module of type 1. By 5.1(1), V is isomorphic to a U;-submodule of ka @ W,
where W is a left U,(g)-module of type 1 and E;a = F;a =0, K;a = a. Hence

za=a(K;' - 1a+ fK; 'Eja+vFa =0,
and the action of z on any element a ® w, w € W, is given by
zla®w) =K 'a®@zw+za®@w, since A(z) =K '®@z+z®1
=0 & Tw.

In particular,

{veViz-v=0}={veV|In>1z"-v=0},
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since this equality holds for W. Thus we see that condition (2) of Theorem 4.4
is satisfied (here we use the assumption o? +4q7!8v/(q — ¢~ ')? # 0). Hence by
4.4(1), multiplication with z is diagonalizable on all Uy, (sl(2))-modules of type 1,
and z is diagonalizable as an element in U, (sl(2)) by 4.6.

Define y := zK;. Then y is (1, K;)-primitive, and B = {a | a-y = 0}. We now
repeat the previous arguments with « replaced by y. Consider the statement

(1)’ y is semisimple .

We have shown in 4.5(1) and 4.6 that x is semisimple in U; if and only if y is
semisimple in U;. Hence (1) <= (1)’ by 5.1(2).

(1) = (3) and (3) = (4) follow from 2.5.

(4) = (5)' follows from 1.2 (for A°P).

(5) = (6) is 1.3(2) (for A°P).

(6) = (2): By2.5(2), B={a€ A|3n>1:a-y"* =0}. Hence for all W € C,

{fweW|ly-w=0}={weW|3In>1:y" w=0}

Let V be a finite dimensional U;-module of type 1. Then by 5.1(1), V is a U;-
submodule of ka ® W for some left U,(g)-module W and E; -a =0, F; -a = 0,
K;-a=a. Sinceya = za =0, A(y) = 1®y+y®K;, and A(z) = K '®@z+231,
we have
yla®@w)=aQ@yw+ya® K;w = a ® yw.

Hence {v eV |y-v=0}={v €V |3In>1:y" v = 0}, since this holds for W.
Therefore we get from 4.4 for y that (2) is satisfied.

The expression for X (k[z],C) follows from the description of the eigenvalues of

the action of z on simple U,(sl(2)) modules in 4.2. |
Remark 5.3:
1. Now assume o? + 4¢713y/(g — ¢~1)? = 0. This actually gives just one
exception:
o If  # 0 consider # = 2(K;* — 1) + (¢ — ¢~ )K'E; + (¢* - 1)F;.
Then

B={a€Ala-z=0}={a€A|a-2z=0}
and the Hopf algebra automorphism of Uy, (g)

((q_?ﬂl)aEi’ (422_’11)0‘Fi K;) ifj=i
(Ej’Fijj)H o
(E;, Fj, Kj) ifj#i
maps %m to Z and induces an isomorphism of B to the algebra
{a € A|a-Z = 0} of infinitesimal invariants with respect to Z.
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(2)

(CM]
(CP]

[dCK]

(DG

(DN

9]

If & = By = 0, then z is a scalar multiple of K; ' E; or F;. Then z (and K;z)
acts nilpotently on all finite dimensional U;-modules of type 1 and both z
and K;z cannot be semisimple. Moreover, the numerical condition (2) does
not hold. In this case 5.2 remains true.

In the case g = sly the module structure is flat for any choice of o, 8,v. (It
can be shown that A is the ascending union of free moduies over B.)
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